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High Performance Linear-Quadratic and H-Infinity
Designs for a "Supermaneuverable" Aircraft

Petros Voulgaris* and Lena Valavanit
Massachusetts Institute of Technology, Cambridge, Massachusetts

Recent efforts by the NASA Langley Research Center have focused on expanding the flight envelope of the
F/A-18 aircraft. Of particular concern has been the low speed, high angle-of-attack regime over which the
conventional aerodynamic controls of the F/A-18 lose their effectiveness. To address this problem, the F18 high
alpha research vehicle (HARV) was developed. This aircraft is essentially a modified F/A-18 that possesses
thrust vectoring capabilities and hence increased maneuverability in this flight regime. In this paper, the
linear-quadratic-Gaussian/loop-transfer-recovery and //«, design methodologies are used to design high-perfor-
mance controllers for the HARV at an operating point within the expanded envelope. In addition, this paper
shows how the control redundancy of the HARV can be used to maintain nominal performance, as well as
nominal stability, in situations where failures occur.

Nomenclature
K (s) = compensator
M(s) = finite dimensional LTI system
q = perturbation in pitch rate, rad/s
u = control input vector
VT - perturbation in true airspeed, ft/s
w = exogenous input vector (commands, disturbances,

sensor noise, etc.)
y — measurement vector
z = output (any signal of interest: weighted errors,

controls, etc.)
a = perturbation in angle of attack, rad
dT = perturbation in throttle position, deg
<5as = perturbation in symmetric aileron deflection, deg
5SS = perturbation in symmetric stabilator deflection, deg
^ies = perturbation in symmetric leading edge flap

deflection, deg
Stes = perturbation in symmetric trailing edge flap

deflection, deg
6tvs = perturbation in symmetric thrust vectoring vane

deflection, deg
6 = perturbation in pitch angle, rad

Introduction

DURING the past few years, research efforts at NASA
Langley Research Center have been directed toward en-

hancing the agility of military aircraft over an expanded flight
envelope. This expanded envelope includes the low speed, high
angle-of-attack regime over which dynamic pressure is low
and conventional aerodynamic controls lose their effectiveness.

Current efforts have focused on a modified version of the
Navy's F/A-18 fighter aircraft referred to as the "super-
maneuver able" high alpha research vehicle (HARV). This
vehicle is referred to as super maneuver able because, in addi-
tion to possessing the conventional aerodynamic controls of
the F/A-18, it possesses thrust vectoring vanes, which allow
moments to be generated effectively even under low speed,
high angle-of-attack combat scenarios. In particular, the con-
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trol elements of the HARV consist of the following: 1) a large
span, single slotted trailing-edge flap capable of 45-deg deflec-
tion in the landing configuration but doubling as a differential
flaperon with ±8 deg deflection in the up-and-away maneu-
vering configuration; 2) single slotted, drooped ailerons for
takeoff and landing, with ±25 deg deflection for up-and-
away conditions; 3) leading-edge flaps, which are scheduled
with angle of attack and Mach number to a maximum of 34
deg down. In addition, they are used differentially ±3 deg for
roll augmentation; 4) twin rudders, which are used for the
normal purposes of directional control and roll coordination
but that are used also for enhancement of longitudinal stabil-
ity and control in the takeoff and landing configurations;
and 5) an all-movable stabilator with differential deflection
for roll.

Apart from the aerodynamic control surfaces, the vehicle
includes the following propulsive control elements: throttle
position, which regulates the thrust delivered by the engine,
and a thrust vectoring vane system, which regulates the angle
at which the thrust is applied on the aircraft.

As already discussed, the HARV possesses many control
inputs that can be used to maneuver the aircraft. The coordi-
nation of these controls in time, in order to achieve prescribed
maneuvers, is a challenging multivariable control problem.
It becomes especially challenging at. very low speed, high
angle-of-attack operating points where the aircraft becomes
unstable. Because of this, controlling the vehicle over the
expanded envelope is a nontrivial task.

In addressing the preceding highly multivariable control
problem, single-input/single-output (SISO) classical ideas be-
come difficult, if not impossible, to use. Consequently, direct
multivariable procedures are more suitable.

The linear-quadratic-Gaussian/loop-transfer-recovery (LQG/
LTR) methodology as developed by Athans,1 Stein and
Athans,2 and Doyle and Stein6 has proven itself an extremely
valuable tool for control engineers developing multivariable
controllers. The //«, design methodology, especially after re-
cent results by Doyle et al.,14 has also demonstrated great
potential as a multivariable design tool. However, unlike the
LQG/LTR design methodology, not many multivariable ex-
amples of //a, designs have appeared in the literature.

In this paper, we use the LQG/LTR and H^ design method-
ologies to design high-performance, multi-input/multi-output
(MIMO) controllers for the HARV at an operating point
within the high "alpha" regime. In addition, we look at how
the control redundancy of the HARV can be used to maintain
nominal performance, as well as nominal stability, in situa-
tions where failures occur.
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Formulation and Analysis of Linear Model
oftheHARV

The equations describing the motion of an aircraft subject
to aerodynamic propulsive and gravitational forces are highly
nonlinear functions of many variables.10 However, lineariza-
tion of these complicated equations around an operating point
provides excellent representation of the motion of the aircraft
about that specific trim point. The linearization of the nonlin-
ear equations of motion is usually accomplished by expanding
these equations into a Taylor's series about the equilibrium
point of interest, while neglecting higher than the first-order
terms.

Variable Definitions and State Space Model
An advantage of the linearized model is that the longitudi-

nal and lateral-directional dynamics can be practically decou-
pled. In this paper only the longitudinal behavior of the air-
craft is studied. The linear model describing the longitudinal
dynamics of the F18/HARV consists of four states and six
control inputs and is of the form

(1)

where

By a symmetric input, we mean the sum of the left and right
components (if any) of a particular control element.

In this paper we address a "hard" operating condition at a
high angle of attack in the low-speed regime of the flight
envelope. In particular, this point represents horizontal flight
at an altitude of 15,000 ft with Mach number M = 0.24, air-
speed Kr = 238.7 -ft/s, angle of attack a=25 deg, and pitch
angle 0 = 25 deg. The trim value of the path angle (7 = 0-a) is
7 = 0 deg, and the trim pitch rate is q =0 deg/s. In situations
like this, the role of thrust vectoring is expected to be impor-
tant. Parameter values are given in the Appendix.

Selection of Outputs to be Controlled
For fighter aircraft, three longitudinal precision control

modes are of major importance.12 These are the vertical trans-
lation, pitch pointing, and direct lift modes. In the vertical
translation mode, the flight-path angle 7 ( = 0-a) is changed
and the pitch angle 6 is maintained constant. The pitch point-
ing mode consists of a change in pitch angle 0 whereas the
flight-path angle 7 is kept constant. Finally, in the direct lift
mode, both the flight-path angle 7 and pitch angle 0 change in
such a way that the angle of attack a. is maintained constant.

Examining the structure of the linear model, as shown in the
Appendix, one can see that the input matrix B has rank three.
This implies that, in principle, the maximum number of vari-
ables that can be controlled independently is three. Further-
more, for the pilot to execute successfully the longitudinal
maneuvers previously discussed, he should be able at least to
control independently the flight-path angle 7 as well as the
pitch angle 0. Also, independent and simultaneous control of
the airspeed VT would offer the pilot a great deal of flexibility.
For these reasons the outputs to be controlled were chosen as
follows:

true airspeed VT

flight path angle 7
pitch angle 0

(2)

Scaling of Linear Model
Scaling of the variables plays a very important role in multi-

variable control design.1 By scaling, the physical units can be
eliminated and their interactions are easier to compare and
understand. For example, comparing 1-ft/s deviation from
trim airspeed with a 1-rad deviation from trim angle of
attack does not make a lot of sense from a practical point of
view. In fact, one might argue that these deviations are "not
comparable."

What does make sense, however, is to compare deviations
normalized by scale factors such that a 1-unit deviation from
trim airspeed would be of "equal importance" as a 1-unit
deviation from trim angle of attack. Having a knowledge of
the system (sizes, physical quantities, involved, trim condi-
tions, etc.) is helpful, since one can establish a relative impor-
tance type of scaling.

As a first step, scaling was performed to convert radians to
degrees. Then, based on our physical understanding, the rela-
tive importance scaling was decided as shown in Table 1 .

With the scaling of variables as shown in Table 1, a 1-deg
deviation from trim of path-angle 7 is equally important with
a 1-deg deviation from trim of pitch-angle 0 and 8-ft/s devia-
tion in trim speed VT. The scaling of the controls was done
using the saturation levels. In particular, refer to Table 2.

Control Redundancy of the HARV
As stated, the rank of the input matrix B is equal to three.

Therefore, the question to be answered is how to select three
of the six available control inputs, or three independent com-
binations of control inputs that will be used to design the
compensator.

One approach would be to select the three that would be
expected to perform the best to the demands of the specifica-
tions, based on the physical intuition and knowledge of the
system. Another way would be to use steady-state (dc) analysis
to decide which controls most affect the outputs at steady
state. One more option is the so-called "relative control effec-
tiveness technique."11

All of the aforementioned methods, however, lack flexibil-
ity since the freedom offered by the redundancy of the con-
trols is not used. To be more clear, in the preceding methods,
the combinations of the controls are prespecified. If, however,
for some reason a certain control cannot operate (e.g., actua-
tor failure), then the need for redesign of the compensator is
essential. The approach used in this paper overcomes the
shortcomings of the preceding methods by taking full advan-
tage of the redundancy in control inputs. This is described in
what follows.

Considering the state space description of the scaled model

(3a)

(3b)

Table 1 Scaling of the variables

Variable Scaling factor

VT
y

1/8 ft/s
1/1 deg
1/1 deg

Table 2 Scaling of the controls

Input Scaling factor

Sas

In this paper, it was assumed that the variables in Eq. (2) are
measurable and can be used to generate control signals.

l/(25 + 25)deg
l/(25 + 25)deg
1/(17+17) deg
l/(l + l)deg
l/(30 + 30)deg
1/27 deg
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and taking into account that rank (B) = 3, it is evident that the
term Bu(t) with BtR4x6, u(t) £R6xl can be equivalently
replaced by Bv v(t) with Bv any matrix £R4x3 such that the
space spanned by the columrii of Bv is identical to the space
spanned by the columns of B and v(t) any vector €#3xl . The
input v ( t ) is a fictitious one and, therefore, is called pseudo-
control. Taking into account the specific structure of B since

B -[ *' 1L-olx6-J (4)

with rank (Bi) = 3 , it is easy to see that a legitimate Bv is the
following:

(5)

Thus, the state space description of the "pseudosystem" when
the fictitious input vector v ( t ) is used is

(6a)

(6b)

with Bv given by Eq. (5).
Clearly, this system is a square system (number of inputs =

number of outputs) and a square compensator based on the
pseudoeontrols v(t) can be designed.

Given a controller design based on the pseudosystem, one
can distribute the pseudosignal v(t) to the actual control u(t)
in an "optimal" way subject to Bu(t) = Bvv(t). In view of
Eqs. (4) and (5), this constraint can be replaced as

(7)

The control distribution optimization problem posed in this
paper is

Minimize
J=[uT(t)W(t)u(t)] (8)

where u(t)tR6xl, subject to BiU(t)=v(t) with W(t)= WT(t)
any positive definite weighting matrix.

Thus, the pseudocontrol v(t) is distributed in such a way
that the weighted "energy" of the actual control input u(t) is
minimized. The aforementioned optimization problem has an
explicit solution that can be found using several techniques
(for example, Lagrange multipliers is an easy way).

The optimal u(t) is given by

u(t)=T(t)v(t)
with

(9)

(10)

The transformation T(t) is simply a right inverse of BI. The
benefits of using the method described so far in this section
come from the fact that there is a lot of freedom to distribute
the pseudocontrois to the actual ones once the design based on
the pseudosystem is completed. For example, if for some
reason certain controls cannot be fully used and one needs to
maintain the same performance in terms of response to com-
mands, then one simply has to change the distribution matrix
T by heavily weighting tfiese controls.

A point to notice here is that the weighting matrix W(t) can
be a continuous function of time, which allows continuous
adjustments of the weights on each control input.

Another way of distributing the pseudocontrois is implied
by the following optimization problem:

Minimize
[max ( i M i l , l M 2 l , . . . , l M 6 l ) }

with u(t)£R6xl subject to Biu(t) =

This problem is a purely linear programming problem and
its solution cannot be given with a. simple explicit formula as
in the previous case. However, the solution can be obtained
easily using standard linear programming algorithms (e.g.,
Simplex method). In this optimization problem, the magni-
tude of the controls is minimized, and thus saturation is
avoided to the extent possible.

Pseudosystem Characteristics
For reasons discussed in the preceding section, the con-

troller design will be based on the so-called pseudosystem in
which the term Bu(t) is replaced by Bvv(t)= [I3x3 03xi]rv(0
where v(t) is the pseudocontrol input. The block diagram
representation of the pseudosystem is shown in Fig. 1.

The transfer function matrix from v to y is Gv(s) =
C(sl — A)~1BV. The poles and zeros of the pseudosystem are

Poles: 0.0188±0.128Q/("phugoid" unstable)
- 0.2481 ±0.3585 ("short period" stable)

Zeros: None

The singular value plot of Gv(yco) for the frequency range
0.001-100 rad/s is shown in Fig. 2.

Compensator Design
This section applies the LQG/LTR design methodology to

the scaled linear model previously discussed. The H& design
methodology is then applied. Finally, comparisons are made
and fundamental tradeoffs are described.

Design Specifications
The standard control system configuration is depicted in

Fig. 3a. We have to design a controller K0(s) for the linear
model of the aircraft G0(s) at the selected operating point that
will perform certain tasks discussed in the sequel. It is assumed
that the actuator dynamics are fast enough so that they can be
omitted. As mentioned before, the design will be based on the
pseudosystem Gv(s), meaning that a compensator Kv(s) gener-
ating the pseudosignal v(t) will be found (Fig. 3b). Then, the
"logic" T for distributing the pseudocontrol v(t) to the actual
control input u(t) will be incorporated to the compensator
structure.

Actual System

Fig. 1 Pseudosystem Gv(s).
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Fig. 2 Singular values of Gv(s).



160 P. VOULGARIS AND L. VALAVANI J. GUIDANCE

Pilot
Command

Inputs

a)

K0(s)
u

G0(S)

Ga(s)

outputs

measurement
noise

Gv(s)

b)

Kv(s)
v

T

Fig. 3 Control system configuration: a) actual system G0(s) and b)
pseudosystem Gv(s).

From our discussions with NASA, the following require-
ments on the compensator were set: 1) nominal stability,
2) performance, and 3) stability robustness. The steady-state
error e to low-frequency (co<0.1 rad/s) sinusoidal commands
r or disturbances d should be "small." In particular, note the
following performance specifications:

2aj II<HI2<0.1 for co<0.1 rad/s whenever I lr l l2<l or
I l r f l l 2 < l .

2b) Zero steady-state error to constant commands or dis-
turbances in all directions.

The system should be fast but excessive control action must
be avoided. In particular, the system should track the step
commands in Table 3, respecting the magnitude limits as well
as the rate limits in the table. The system should be able to
reject high-frequency measurement noise n. In particular,

2c) \\e \\2 < 0.1 for to > 20 rad/s whenever \\n II2 < 1.
The system should remain stable in the presence of low-

frequency uncertainty and high-frequency unmodeled dynam-
ics. In particular, the following stability robustness specifica-
tions should be fulfilled:

3a) Multivariable downward gain margin at the plant out-
put GM\ < — 4.1 dB; multivariable upward gain margin at the
plant output GM\ >8.0 dB; and multivariable phase margin
at the plant output \PM\ >35 deg.

3b) Stability in the presence of multiplicative error A(s)
reflected at the plant output that is bounded by S(co) = 0. la? for
all co.

The requirements posed previously can be reinterpreted as
follows. Performance specifications 2a and 2b simply impose
constraints on the sensitivity transfer function S(s) = [I +
Gv(s)Kv(s)]~l. Namely,

tfmax[S(yco)] < -20 dB for co < 0.1 rad/s

<Tmax[St/Co)]-*0 as CO-0

Or translating, into the loop-transfer function Gv(s)Kv(s)
shapes, since usually for small co,

°mm[Gv(jO>)Kv(j CO)] » { <7max [S(J C0>] }~l

ffrmn[Gv(jco)#v(jco) > 20 dB for co < 0.1 rad/s

<WGv(yco)#v(yco)]--00 as CO-0

Requirement 2b, along with Table 3, shows the bandwidth
constraints of the system and, together with requirement 3a,
establishes a tradeoff between response speed, phase and gain
margins, and saturation magnitude and rate limits. Specifi-
cally, the stability robustness requirement 3a is met if the
following condition on

J >
KLOG/LTR(S)

V 1
s >- Gv(s) -1

Fig. 4 Augmentation with integrators.

Table 3 Performance step commands
and rate limits

Step commands
Vertical translation
Pitch pointing
Direct lift

Rate limits
Thrust vectoring
Aileron
Stabilator
Leading-edge flap
Trailing-edge flap
Throttle

n = [d i 0]r

/.2=[001] r

rs = I01 l]T

60 deg/s
100 deg/s
60 deg/s
20 deg/s
60 deg/s
30 deg/s

is true:

115(5)11 oo<1.66«4.4dB

This sufficient condition results from the following well-
known facts5'7:

GM\<—^—

GM\>k-\

where k = IIS(5)lloo. Clearly, by minimizing fc we obtain good
gain and phase margin properties.

Finally, specifications 2c and 3b also impose constraints on
the bandwidth of the system and on the rblloff at high fre-
quencies. Specifically, performance specification 2c requires
that

co)] < - 20 dB for co > 20 rad/s

where C(s)=[I + Gv(s)Kv(s)rlGv(s)Kv(s) is the closed-loop
transfer function. For requirement 3b it is sufficient, resulting
from well-known facts on the issue of stability robustness,4'5
that

amax[C(yco)]6(co)<l for all co

or, since

c7max[Gv(yco)^v(y co)] « amax[C(yco)]

for large enough co, the preceding constraint can be restated as

for all co
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Application of the LQG/LTR Design Methodology to the HARV
Since performance specification 2b asks for zero steady-

state error to constant commands or disturbances and Gv(s)
does not possess any poles at the origin, an integrator is
needed for each channel without any feedback around it.
Thus, we have to augment Gv(s) by adding integrators in each
input channel (Fig. 4al). Then we will proceed to design the
LQG/LTR compensator J^go/uniCs1) using the augmented
system (design plant)

that meets the specifications previously posed. Finally, we will
absorb the integrators in the LQG/LTR compensator (Fig. 4b)
and form the "actual" compensator Kv(s). The detailed pro-
cedure can be found in Ref. 13. The target loop of the LQG/
LTR methodology, designed with a matching-at-all-frequen-
cies technique,1 was sufficiently recovered by the transfer
function Ga(s)KLQG/LTR(s) so that the specifications are met.
The resulting singular values

Oi [(I + Ga(j u

of the loop and of the sensitivity transfer function are shown
in Figs. 5 and 6, respectively.

As can be verified from these plots, all of the specifications
in the frequency domain are met. The loop crossover is ap-
proximately at 2 rad/s and 1 rad/S for the maximum and
minimum singular values, respectively, which implies that the
settling times should range from approximately 3(1/2)= 1.5 s
up to 3(l/l) = 3.s.

The stability margins can be inferred from the sensitivity
singular values by evaluating IIS(s)lloo. By inspection II 5 (s) II «,
« 4 dB, which implies that

GMJ<0.61= -4.29 dB, GM\ > 2.7 = 8.66 dB
IPMI>36.8 deg

The poles and zeros of the augmented system Ga(s), LQG/
LTR compensator A:LQG/LTR(S), and closed loop system C(s)
are given in the Appendix.

The resulting (scaled) output response to the direct lift of 1
deg in 7 and 6 step command r3 = [0.1 l]r is shown in Fig. 7.
Figure 8 illustrates what the actual (scaled) inputs should be.
The actual control inputs are obtained by distributing the
pseudocontrols v so that the quadratic cost J = uTWu is mini-
mized, with iF = diag(l, 1,1,1, 5.2, 1). As it can be verified,
the output tracks the reference input with zero steady-state
error, negligible overshoots, and with settling time in the range
from 1.5 to 3 s. Both saturation magnitude and rate limits are
respected. The responses to the vertical translation and pitch
pointing reference commands can be found in Ref. 13.

'For larger step commands, the controls, depending on the
direction of the reference input, may saturate. Saturation can
cause instability. A partial solution to the problem is achieved
by presmoothing the reference inputs r (something that is
always done) by passing them through smoothing filters be-
fore entering the feedback loop. Doing so removes unwanted
frequencies from the reference commands. Obviously, this
"extra baggage" does not alter the stability and performance
characteristics of the feedback loop design since the filter is
out of the feedback loop. This solution is partial because one
cannot introduce shaping filters to presmooth disturbances
from nature. However, a recently developed methodology8

provides a very intelligent way to handle saturating nonlinear-
ities that guarantees stability and degrades the performance
minimally. Therefore, saturation seems not to be a problem
any more as long as the system one is dealing with is linear.

Application of the //« Methodology to the HARV
The general interconnection structure of a feedback system

can be represented as in Fig. 9. The objective in the //«,
methodology3 is to find a stabilizing K(s) such that the infinity
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Fig. 5 Singular values of the loop Ga(s)KLQG/LTR(s).
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Fig. 7 Output response to rs.
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Fig. 8 Control response to r& 1) thrust vectoring, 2) aileron, 3)
stabilator, 4) leading-edge flap, 5) trailing-edge flap, 6) throttle.

norm il/^Cs1 JIU of the transfer function //^(s) from w to z is
minimized. This can be. interpreted in tfr£ time domain as
ininimizing the worst-case energy of the output z(\\Z IIL2) when
the energy of the input w(\\w !U2).is bounded. Viewing it in the
frequeiicy domain, this minimization implies that the worst-
case, steady-state amplitude of the output s(lkl!2) is mini-
mized whetl the input H> is a bounded amplitude sinusoid.

In general, the solution of the H^ problem cannot be com-
puted directly. However* an iterative scheme, the so-called 7
iteration, can be used to find solutions arbitrarily close to the
optimal. In particular, this iterative approach consists of find-
ing stabilizing compensators that guarantee

with
7>ToPt=

stabilizing

(11)

(12)

Recent results in the area of H^ synthesis by Doyle et al.14

provide a convenient method to solve the preceding problem
by essentially solving two Riccati equations.

The specifications can be used to condition the outputs
(and/or inputs) with (stable) weights that are absorbed in the
general system M(s). The selection of weights is one of the
most important steps in the H^ methodology. They are used
to emphasize one frequency range over another. It must be
kept in mind that the selection of the weights reflects engineer-
ing judgment and, thus, a poor selection of these weights may
result in poor designs. For example, posing a heavy penalty oh
the sensitivity S(5) and on the complementary sensitivity C(s)
in the same frequency region does not make a lot of sense since
C(s) + S(s) = /. It should also be noted that the complexity of
the compensator, namely its order, is equal to the sum of the
orders of the plant, the weights, and a free parameter Q(s)

Fig. 9 General framework.

M(s)

Fig. 10 Framework for the //<» compensator design for the
pseudosystem.

(resulting from the nonuniqueness of solutions to the H^
problem). Therefore high order weights will result in a high
order compensator.

In this design the butput z is considered as the weighted
error signal e and the weighted pseudocontrol v (see Fig. 10).
By minimizing ll//zvv(s)lloo, we minimize

which represents a tradeoff between bandwidth and control
action.

Since the specifications ask for zero steady-state error to
constant commands and disturbances, the weight ^(5)
should be large at low frequencies. [In fact, Ws(s)-+<x> as
5^0,] The robustness and noise attenuation specifications
require that amax[S(./a))]« 1 for large o> so that 0max[C(ju>)]
rolls off. If the (pseudo) control v is not weighted enough,
then the resulting loop tends to have high bandwidth and*
thus, the resulting control action is excessive. Consequently,
sufficient penalties should be imposed on the control signal v.
In particular, the weighting should be heavier as frequency
increases so that Kv(s)S(s) would be forced to roll off; thus,
extremely fast control action would be prevented. If Kv(s)S(s)
is not forced to roll off, then the control action would be more
impulsive.

Having these in mind the following (diagonal) weights are
selected:

s + 3 ';

(5+0.0001)(5/1000+1)

, • 1 (5/4+1) r

7 (5/1000+ 1)

Due to some (mild) strict properness requirements of the
Doyle et al. method, a high frequency pole in Ws(s) at
5= -1000 was inserted. The zero at 5= -3 indicates the
desired bandwidth, whereas the pole at 5 = - 0.0001 represents
a sufficiently good approximation of a pole at the origin (since
the weights are required to be stable) so that the zero steady-
state requirement is met. The weighting on the control WKS(s)
was adjusted so that the saturation levels were preserved for
the commands considered before. The fast pole at 5 = -1000
was inserted to make WKS(s) proper.
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Performing the steps of the Doyle et al. algorithm, a com-
pensator Kv(s) that stabilizes the system and guarantees
Il//zvv(s)ll00<2.525 was obtained (the minimum value 7opt of
ll-/fzw(s)Hoo over all stabilizing controllers Kv(s) was found to
be in the interval [2.520, 2.525]). The singular values
<ri[Gv(jw)Kv(ja))] and cr/[(/ + Gv(ju)Kv(Ju)~l] of the loop and
sensitivity transfer functions are shown in Figs. 11 and 12,
respectively. As can be verified from these plots, the frequency
domain specifications are met. The loop crossover is approx-
imately at 2 and 1.2 rad/s for the maximum and minimum
singular values, respectively, which implies that the settling
time should range from approximately 1.5 s up to 2.5 s. The
stability margins can be evaluated from the sensitivity singular
value plot: in particular, IIS^JIIoo^S.? dB, which implies that
GA/t>9dB, GMi<-8dB, and lPMI>38deg.

The poles and zeros of the compensator Kv(s) and closed-
loop system C(s) = [I + Gv(s)Kv(s)]~l Gv(s)Kv(s) are given in
the Appendix.

The resulting output response for the direct lift of 1 deg in
6 and 7 step command r3 = [0 1 l]r is shown in Fig. 13. Using

the same distribution matrix for the pseudocontrol as in the
LQG/LTR design, the required control action is shown in Fig.
14. The same comments as in the LQG/LTR design, regarding
the discussion of the transients, hold.

Comparison of the LQG/LTR and H& Compensator Designs
From the previous sections, one can conclude that there do

not exist any major differences between the two designs. For
all practical purposes, the loop shapes are the same, as are the
time responses. Furthermore, after the recent developments by
Doyle et al.,14 it is no more difficult to design an H<» compen-
sator than it is to design an LQG/LTR one.

More specifically, the //<» compensator resulted in slightly
better phase and gain margins without any increase in magni-
tude and speed of the control action. Also, the H^ loop shapes
were slightly better matched, and the resulting sensitivity
transfer function was slightly superior in the low-frequency
region. The high-frequency rolloff of the loop in the H^
design started at slightly higher frequencies than in the LQG/
LTR, which resulted in slightly better stability margins. The
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Fig. 14 Control response to r3: 1) thrust vectoring, 2) aileron,
3) stabilator, 4) leading-edge flap, 5) trailing-edge flap, 6) throttle.



164 P. VOULGARIS AND L. VALAVANI J. GUIDANCE

point to make, though, is that these are not significant differ-
ences. Moreover, if one takes into consideration that the 13th-
order H<» compensator has three more states than the 10th-
order LQG/LTR compensator, then it becomes very hard to
tell which is better. However, in the H& framework, the out-
puts to be controlled are not required to be measured as they
are in the LQG/LTR framework. This fact seems to give an
edge to the H^ over the LQG/LTR methodology.

Handling of Failures
In the preceding section, LQG/LTR and H^ designs were

obtained. For each design the final control signals were gener-
ated from pseudocontrol signals via a distribution matrix.
This was done under the assumption that all actuators were
operational. However, this may not be the case. For example,
if there is an actuator failure, then the associated control
signal cannot be used. In such a situation, if the original
distribution algorithm is used, the closed-loop system may go
unstable. Instead of redesigning the controller, what we will
do is redesign the distribution algorithm. By doing so we not
only guarantee nominal stability, but performance remains
unaltered. This section addresses the application of the pre-
ceding distribution redesign philosophy.

Pseudocontrol Distribution in the Presence of Failures
As already stated the pseudocontrol input v is distributed to

the actual control u via the distribution matrix Tin such a way
so that uTWu is minimized subject to the constraint B]ii =v
where Bl (known and fixed) €#3x6, and W=WT>Q, W
£R6x6. The resulting Tis given by

T= (13)

where, in general, W can have off-diagonal terms. In this
paper only diagonal structures of W are considered, i.e.,
JT = diag (wi, w2, w3, w4, w5, w6) with w7 >0, / = 1, 2,..., 6.

If the /th control is in fact not usable, then one can simply
select w/ = oo and keep the other weights the same. After
performing the minimization with the new weight, call it Wi9
a new distribution matrix 7) is obtained. Obviously when this
distribution matrix is used, the nominal stability, stability
robustness, and performance characteristics of the closed-loop
system do not change. This is evident from the fact that the
compensator design was based on the pseudosystem Gv(s).
More specifically the new distribution matrix 7} will be given
by

r/= lim (14)

where Jl^is simply what is left of W\i one removes the /th row
and column. Analogously, BI is what is left of B{ if one were
to remove its /th column.

Clearly, the preceding procedure can be generalized if more
than one control fails. As expected, this is done by setting the
appropriately corresponding weights equal to infinity and per-
forming the minimization. One should note that the number
of controls that fail should not exceed three in order for our
distribution redesign philosophy to be applicable. This is be-
cause, in such a situation, B\u, where at least four of the
elements of u are required to be zero, cannot generate all v in
R3. Hence the constraint B\u = v cannot, in general, be satis-
fied when this is the case. Under such extreme conditions, we
are forced to redesign the entire control system.

To illustrate the flexibility of the design based on the pseu-
dosystem Gv(s), the case of failure of thrust vectoring vane,
stabilator, and leading-edge flap was considered. Since the
LQG/LTR and H^ designs were shown to be virtually identi-
cal, we arbitrarily selected the LQG/LTR design. The result-
ing output response to the 1 deg in 6 pitch pointing step
command /*2 = [0 0 l]r as well as the required control action are
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Fig. 15 Output response to 2̂ for failed thrust vectoring, stabilator,
and leading-edge flap.
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Fig. 16 Control response to r2: 1) thrust vectoring, 2) aileron, 3)
stabilator, 4) leading-edge flap, 5) trailing-edge flap, 6) throttle.

shown in Figs. 15 and 16, respectively. As can be noticed, the
output tracks the reference with zero steady-state error and
with a settling time of 3 s. The controls do not saturate either
in magnitude or in rate. A point to make is that in this case
there is not any freedom left for different assignment of the
controls since the BI matrix is invertible and therefore T = Bi,
i.e., the weighting JFdoes not play any role. We should also
stress that the output response is identical to the case when all
controls are operational.

Summary and Conclusions
In this paper, we presented high-performance control-sys-

tem designs with prescribed robustness margins for the super-
maneuverable HARV at a high angle-of-attack (a = 25 deg)
flight condition where the aircraft is open-loop unstable.

The linear-quadratic-Gaussian/loop-transfer-recovery and
//a, designs developed in this paper were found to be not very
different. In fact, they were virtually identical. Both designs
resulted in similar loop shapes and similar compensator strate-
gies. Also, in both designs, the same tradeoffs appear: magni-
tude saturation limits primarily constrain the bandwidth of the
loop, whereas rate saturation limits constrain the stability
margins of the system. Although we saw that the Hx design
obtained is slightly superior, this is counterbalanced by a
more complex Hw compensator. As with the formal loop
shaping linear-quadratic-Gaussian/loop-transfer-recovery de-
sign methodology, the Hw procedure possesses sufficient
degrees of freedom to also address loop shaping (albeit more
complicated). However, one advantage of the //«> methodol-
ogy seems to be that it provides a somewhat more general
framework since the need for measuring the outputs to be
controlled does not exist.

Finally, the technique of pseudocontrol formulation fol-
lowed in this research offers a great amount of flexibility. This
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flexibility is especially useful in cases where certain controls
cannot operate due to failures since it utilizes fully the control
redundancy. By merely redesigning a distribution matrix from
pseudo to actual controls, we not only guarantee nominal
stability and stability robustness but performance remains
unaltered, i.e., all properties of the pseudosystem are pre-
served.
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Numerical Values of A and B Matrices in Eq. (1)

A =

Appendix

-0.0750
-0.0009
-0.0002

0.

-24.0500
-0.1959
-0.1454

0.

0.
0.9896

-0.1677
1.0000

-32.1600
0.
0.
0.

D __

-0.0230 0. -0.0729 0.0393 -0.0411 0.1600
-0.0002 -0.0001 -0.0004 -0.0000 -0.0003 -0.0003
-0.0067 -0.0007 -0.0120 -0.0006 -0.0007 0.0005
0. 0. 0. 0. 0. 0.

LQG/LTR Design
Poles and zeros of the augmented system, LQG/LTR compensator and closed-loop system.
Poles of Ga(s): -0.2481 ±0.35857, 0.0188 ±0.12807, 0, 0, 0
Zeros of Ga(s): none
Poles of #LQG/LTR(S): -3.9413±3.31937, -5.4949±5.0654.;, -0.20471 ±3.67897, -5.2361
Zeros of KLQG/LTR(s): -0.2481 ±0.35857, -0.0178±0.12447
Poles of C(s): -3.9782 ±3.9747, - 2.4364 ±2.433j, -1.5752±2.750.;, -0.2481 ±0.3585.;, -0.0188±0.1280.;, -3.1481, -3.0,
-3.0, -3.0
Zeros of C(s): -0.2481 ±0.3585y, -0.0178±0.1244y

//oo Design
Poles and zeros of the compensator Kv(s) and closed-loop system C(s).
Poles of Kv(s): -3.19 ±4.59j, -5.04±3.81y, -6.17±5.31y, -7.75, -1000, -1000, -1000,0,0,0
Zeros of Kv(s): -918.2, -911.7, -916.3, -0.0180±0.1248.;
Poles of C(s): -1000, -1000, -1000, -4.63 ±4.057,
-0.0187±0.1280.;, -3.15, -3.46±2.47y
Zeros of C(s): -911.7, -918.2, -916.3, -0.0180±0.1248.;, -0.2481 ±0.3585.;, -1000, -1000, -1000

-0.2481 ±0.35857, -1000, -1000, -1000
-2.51 ±3.15y, -6.01, -3.09, -3.05, -0.2481 ±0.35857,
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